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ELIMINATION OF RAMIFICATION I: THE GENERALIZED 
STABILITY THEOREM 

FRANZ- VIKTOR KUHLMANN 



Abstract. We prove a general version of the "Stability Theorem" : if X is a 
valued field such that the ramification theoretical defect is trivial for all of its 
finite extensions, and ii F\K is a. finitely generated (transcendental) extension 
of valued fields for which equality holds in the Abhyankar inequality, then the 
defect is also trivial for all finite extensions of F. This theorem is applied 
to eliminate ramification in such valued function fields. It has applications 
to local uniformization and to the model theory of valued fields in positive 
characteristic. 



1. Introduction 

1.1. The Main Theorem. In this paper, we consider the defect (also cahed 
ramification deficiency) of finite extensions of valued fields. For a valued field 
{K,v), we will denote its value group by vK and its residue field by K or by Kv. 
An extension of valued fields is written as {L\K, w), meaning that w is a valuation on 
L and K is equipped with the restriction of this valuation. Every finite extension 
L of a valued field {K,v) satisfies the fundamental inequality (cf. [En], [Z-S]): 

g 

(1.1) n > ^eA 

1=1 

where n ^ [L : K] is the degree of the extension, vi, . . . ,Vg are the distinct ex- 
tensions of V from K to L, e^ = (w^L : vK) are the respective ramification indices 
and ii — [Lvi : Kv] are the respective inertia degrees. Note that g = 1 if {K, v) is 
henselian. 

We say that {K, v) is defectless in L if equality holds in (jl.ip . Further, {K, v) is 
called a defectless (or stable) field if it is defectless in every finite extension L of 
K. Finally, {K, v) is called a separably defectless field if it is defectless in every 
finite separable extension, and an inseparably defectless field if it is defectless 
in every finite purely inseparable extension of K . Note that every trivially valued 
field is a defectless field. 
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Every valued field of residue characteristic is defectless; this is a consequence 
of the "Lemma of Ostrowski" (see Section [2?3l) . So we will always assume in the 
following that 

p = char(^) > . 

Let {L\K, v) be an extension of valued fields of finite transcendence degree. Then 
the following well known form of the "Abhyankar inequality" holds (it is a conse- 
quence of Lemma |2 . 51 below) : 

(1.2) tTdegL\K > TTvL/vK + trdegL|7? , 

where itvL/vK :— dimQ (vL/vK) (g) Q is the rational rank of the abelian group 
vL/vK, i.e., the maximal number of rationally independent elements in vL/vK. 
We will say that {L\K^v) is without transcendence defect if equality holds in 

. . . 

In this paper, function field will always mean algebraic Junction field, where 

we include the case of finite algebraic extensions in order to avoid case distinctions. 
The paper is devoted to the proof of the following theorem, which has important 
applications. 

Theorem 1.1. (Generalized Stability Theorem) 

Let {F\K, v) be a valued function field without transcendence defect. If {K, v) is 
a defectless field, then {F, v) is a defectless field. The same holds for "inseparably 
defectless" in the place of "defectless". If vK is cofinal in vF, then it also holds 
for "separably defectless" in the place of "defectless". 

Take a valued field {K, v) and fix an extension of the valuation v to the separable- 
algebraic closure iC^^P of K. Then the absolute ramification field K'', the 
absolute inertia field (also called strict henselization) K\ and the henseliza- 
tion K'^ of {K, v) (with respect to the chosen extension of v) are the ramification 
field, the inertia field and the decomposition field, respectively, of the extension 
(^j{^<^P\K,v). Since all extensions of the valuation v from K to K^'^p are conjugate 
(i.e., are obtained from each other by composing with an automorphism of if °p jiiT), 
these fields are unique up to valuation preserving isomorphism. Therefore, we will 
often speak of "i/ie henselization" and work with without previously fixing an 
extension of the valuation. If i^'' = K, then {K, v) is called henselian. This holds 
if and only if the extension of v from K to every algebraic extension field is unique 
(implying that g= 1 in or equivalently, if and only if {K, v) satisfies Hcnsel's 

Lemma. An algebraic extension of a henselian field {K, v) is called purely wild if 
it is linearly disjoint from K^\K. 

The algebraic closure of a field K will be denoted by K. If F\K is an arbitrary 
field extension and L\K is an algebraic extension, then L.F will denote the field 
compositum of L and F inside of F. 

Corollary 1.2. Let {F\K,v) be a valued function field without transcendence defect, 
and E\F a finite extension. Fix an extension of v from F to K.F . Then there is 
a finite extension Lq\K such that for every algebraic extension L of K containing 
Lq , {L.F,v) is defectless in L.E . If {K,v) is henselian, then Lo\K can be chosen 
to be purely wild. 

Theorem 11.11 was stated and proved in [Kl]; the proof presented here is an 
improved version. The theorem is a generalization of a result of Grauert and Rem- 
mert [G-R] which is restricted to the case of algebraically closed complete ground 
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fields of rank 1 (i.e., with archimedean ordered value group). A generalization of 
the Grauert-Remmert Theorem was given by Gruson [G]. A good presentation of 
it can be found in the book [B-G-R] of Bosch, Giintzer and Remmert (§5.3.2, 
Theorem 1). The proof uses methods of nonarchimedean analysis. Further gener- 
alizations are due to Matignon and Ohm; see also [G-M-P]. In [O], Ohm arrived 
independently of [Kl] at a quite general version of the Stability Theorem. But like 
all of its forerunners, it is still restricted to the case trdeg(F|i^) = trdeg(F|if ) and 
is therefore not sufficient for the applications we will list below. Ohm deduces his 
theorem from [B-G-R], Proposition 3, p. 215 (more precisely, from a generalized 
version of this proposition which is proved but not stated in [B-G-R]). 

In contrast to this approach, we give a new proof which replaces the analytic 
methods of [B-G-R] by valuation theoretical arguments. Such arguments seem 
to be more adequate for a theorem that is of (Krull) valuation theoretical nature. 
First, we reduce the proof to the study of Galois extensions of degree p of special 
henselized function fields F. We deduce normal forms which allow us to read off 
that the extension is defectless. Related results can be found in the work of Hasse, 
Whaples, Epp [E], and in Matignon's proof of his version of Theorem ll.il 

1.2. Applications. 

• Elimination of ramification. This is the task of finding a (nice) transcendence 
basis T for a given valued function field {F\K, v) such that for some extension of v 
to the algebraic closure of F, the extension {F'^\K{T)'^ ,v) of respective henseliza- 
tions is unramified, that is, the residue fields form a separable extension F\K{T) 
of degree equal to [F'^ : K{TY], and vF = vK(T). (Note that passing to the 
henselization does not change value group and residue field.) In [K-Kl] we use 
Theorem II. II to prove: 

Theorem 1.3. Take a defectless field {K,v) and a valued function field {F\K,v) 
without transcendence defect. Assume that F\K is a separable extension andvF/vK 
is torsion free. Then {F\K,v) admits elimination of ramification in the following 
sense: there is a standard valuation transcendence basis T = {xi, . . . , Xr^ yi, . . . , y^} 
of {F\K,v) such that 

a) vF ^vK ®Zvxi® ...®ZvXr, 

b) Iji, . . . ,yg form a separating transcendence basis of F\K . 

For each such transcendence basis T and every extension of v to the algebraic 
closure of F , {F^\K{'T)^ ^v) is unramified. 

A standard valuation transcendence basis of an extension {F\K, v) of val- 
ued fields is a transcendence basis T = {xi, | i G /, j € J} where the values vxi , 
i € I, are rationally independent values in vF modulo vK, and the residues y^, 
j € J, are algebraically independent over K. In this paper, we deduce: 

Corollary 1.4. Let {F\K,v) be a valued function field without transcendence de- 
fect. Fix an extension of v to F. Then there is a finite extension Lq\K and a stan- 
dard valuation transcendence basis T of [Lq.F\Lq,v) such that for every algebraic 
extension L of K containing Lq , the extension {{L.F)^\L{T)^ ,v) is unramified. 

• Local uniformization in positive and in mixed characteristic. Theo- 
rem ll.3l is a crucial ingredient for our proof that Abhyankar places of function fields 
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(i.e., places for which the corresponding valued function field is without transcen- 
dence defect) admit local uniformization (cf. [K-Kl], [K2], [K3]), provided that 
a (necessary) separability condition for their residue field extension is satisfied. 
Together with a theorem proven in [K8], it is also the main ingredient for local 
uniformization of arbitrary places after a finite extension of the function field ([K- 
K2]). The analogous arithmetic cases (also treated in [K-Kl] and [K-K2]) use 
Theorem II. II in mixed characteristic. The proofs use solely valuation theory. 

Let us mention at this point that our approach has some similarity with S. Ab- 
hyankar's method of using ramification theory in order to reduce the question of 
resolution of singularities to the study of Galois extensions of degree p and the 
search for suitable normal forms of Artin-Schreier-like minimal polynomials. 

• Model theory of valued fields. If C is an elementary language and A C B 
are £-structures, then we will say that A is existentially closed in B and write 
^ -<3 6 if every existential sentence with parameters from A that holds in B also 
holds in A. When we talk of fields, then we use the language of rings or fields. 
When wc talk of valued fields, we augment this language by a unary predicate 
for the valuation ring or a binary predicate for valuation divisibility. For ordered 
abelian groups, we use the language of groups augmented by a binary predicate for 
the ordering. For the meaning of "existentially closed in" in the setting of valued 
fields and of ordered abelian groups, see [K~P]. In [K7] we use Theorem II. II to prove 
the following Ax-Kochen-Ershov Principle: 

Theorem 1.5. Take a henselian defectless valued field {K,v) and an extension 
{L\K,v) of finite transcendence degree without transcendence defect. If vK is exis- 
tentially closed in vL and K is existentially closed in L, then (K, v) is existentially 
closed in {L, v). 

This in turn is used to prove Ax-Kochen-Ershov Principles and further model 
theoretic results for tame valued fields. 

2. Preliminaries 

2.1. Facts from general valuation theory. We will use the following facts 
throughout the paper, often without citing. The first lemma is a consequence 
of the fundamental inequality (|l.ip . 

Lemma 2.1. Let {L\K,v) be an algebraic extension of valued fields. Then vL/vK 
is a torsion group and the extension Lv\Kv of residue fields is algebraic. If L\K is 
finite, then so are vL/vK and Lv\Kv. If v is trivial on K (i.e., vK = then 
V is trivial on L. 

For each extension of the valuation v from K to its algebraic closure K , the value 
group of K is divisible and the residue field of K is algebraically closed. 

An extension {L\K,v) is called immediate if the canonical embeddings of vK 
in vL and of Kv in Lv are onto. For the next results, and general background in 
valuation theory, we refer the reader to [En] , [R] , [W] , [Z-S] . 

Lemma 2.2. The henselization of a valued field {K,v) (which is unique up to 
valuation preserving isomorphism over K) is an immediate separable-algebraic ex- 
tension and has the following universal property: if{L,v') is an arbitrary henselian 
extension field of (K,v), then there is a unique valuation preserving embedding of 
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{K^,v) in {L,v') over K . Thus, a henselization of {K,v) can be chosen in every 
henselian valued extension field of {K, v) . 

Lemma 2.3. An algebraic extension of a henselian valued field, equipped with the 
unique extension of the valuation, is again henselian. 

If L\K is algebraic, then {L.K'^,v) is the henselization of {L,v) (with respect to 
the unique extension of v from to K). 

Take any valued field {K, w) and a valuation w on the residue field Kw. Then 
the composition wow is the valuation whose valuation ring is the subring of the 
valuation ring of w consisting of all elements whose t«-residues lie in the valuation 
ring of W. (Note that we identify equivalent valuations.) While wow does actually 
not mean the composition of w and w as mappings, this notation is used because, 
up to equivalence the place associated with wow m indeed the composition of the 
places associated with w and w. 

For a valued field {K, v), every convex subgroup F of vK gives rise to a valuation 
vt such that vrK is isomorphic to vK/T and the valuation ring of v is contained 
in that of Vy ■ Then v induces a valuation vr on Kvt (whose valuation ring is 
the image of the valuation ring of v under the place associated with vt), such that 
V = vtovt ■ The value group vy {Kvy ) of i7r can be identified with F and its residue 
field {Kvt)vt with Kv. 

The rank of a valued field {K, v) is the order type of the chain of non-trivial 
convex subgroups of its value group vK. It has rank 1 (i.e., its only convex sub- 
groups are {0} and vK) if and only if vK is archimedean, that is, embeddable 
in the ordered additive group of the reals. If {K, v) has finite rank n, then v is the 
composition v = Vi o . . . o Vn oi n many rank 1 valuations. The following lemma 
does in general not hold for valuations of rank > 1: 

Lemma 2.4. // (if, v) is a valued field of rank \, then K is dense in its henseliza- 
tion. In particular, the completion of [K, v) is henselian. 

For the easy proof of the following lemma, see [B], chapter VI, §10.3, Theorem 1. 

Lemma 2.5. Let {L\K,v) be an extension of valued fields. Take elements Xi,yj G 
L, i G I, j G J, such that the values vxi , i G I, are rationally independent over 

vK , and the residues yjV, j G J, are algebraically independent over Kv. Then the 
elements Xi,yj, i G I , j G J , are algebraically independent over K. 
Moreover, if we write 



in such a way that for every k £ there is some i s.t. fik,i 7^ W,i or some j s.t. 

Vk,j 7^ vi^j , then 



That is, the value of the polynomial f is equal to the least of the values of its 
monomials. In particular, this implies: 



/ = E^'^ IK"' n y?' e ^[^-% \iGi,jGj] 



(2.1) 




vK{xi,yj \ iGl,j G 



J) 



K{xi,yj \ iGl,j G J)v 



= Kv{yjv\jGJ). 
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Moreover, the valuation v on K{xi,yj \ i E I , j E J) is uniquely determined by its 
restriction to K, the values vxi and the residues yjV. 

Corollary 2.6. Take a valued function field {F\K,v) without transcendence de- 
fect and set r — rrvF/vK and s = tTdegF\K . Choose elements xi,...,Xr, 
yi,...,ys G F such that the values vxi, . . . ,vxr are rationally independent over 
vK and the residues • ■ • , are algebraically independent over K . Then T ~ 
{xi, . . . ,Xr,yi, ■ ■ ■ , ys} is a standard valuation transcendence basis {F\K, v) More- 
over, vF/vK and the extension F\K are finitely generated. 

Proof. By the previous theorem, the elements xi, . . . ,Xr,yi, . . . ,ys are algebraically 
independent over K. Since tideg F\K = r + s by assumption, these elements form 
a basis and hence a standard valuation transcendence basis of {F\K,v). 

It follows that the extension F\K{T) is finite. By the fundamental inequality 
(fTTI) . this yields that vF/vK{T) and 'F\K{J') are finite. Since aheady vK{T)/vK 
and K{T)\K are finitely generated by the foregoing lemma, it follows that also 
vF/vK and F\K are finitely generated. □ 

Since an infinite number of distinct convex subgroups in an ordered abelian group 
give rise to an infinite number of rationally independent elements in that group, 
the following is also a consequence of Lemma 12.51 

Corollary 2.7. Every valued field of finite transcendence degree over its prime field 
has finite rank. 

Lemma 2.8. // [F\K,v) is a valued function field without transcendence defect 
and V = w oW, then {F\K, w) and {Fw\Kw,W) are valued function fields without 
transcendence defect. 

Proof. The value group w{Fw) can be considered (in a canonical way) a subgroup 
of vF and then wF is isomorphic to vF /w{Fw); the same holds for K in the place 
of F. From this it follows that ttvF/vK = ttwF/wK -\-ttw{Fw)/w{Kw). Hence, 

trdegi^|if — rrvF/vK + trdeg Fv\Kv 

— rrwF/wK + rrW{Fw) /w{Kw) + trdeg {Fw)w\{Kw)w 
< TTwF/wK + tidegFw\Kw < tideg F\K , 

and we find that equality must hold everywhere. The last equality then shows 
that {F\K,w) is without transcendence defect, which by Corollarv 12 . 61 implies that 
Fw\Kw is a function field. We also obtain that 

TTw{Fw)/w{Kw) + trdeg {Fw)W\{Kw)W — trdeg Fw\Kw , 

which shows that {Fw\Kw,w) is without transcendence defect. □ 

2.2. p-th roots of 1-units. A well known application of Hensel's Lemma shows 
that in every henselian field, each I-unit (an element of the form 1 + 6 with vb > 0) 
is an n-th power for every n not divisible by the residue characteristic p. If the 
latter is not the case, then one considers the "level" of the 1-unit. For our purposes, 
we need a more precise result for a 1-unit to have a p-th root in a henselian field of 
mixed characteristic. 

Throughout this paper, we will take C to be an element in the algebraic closure 
of Q such that — —p, where p > is a prime. Take a henselian field {K,v) 
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of characteristic and residue characteristic p. Extend the valuation v to K. Note 
that 

CP = -pC and vC = -^vp > . 

p-1 

Consider the polynomial 

(2.2) XP~{l + b) 
with b £ K. Performing the transformation 

(2.3) X = CY + I, 

dividing by and using that C'p — ^pC , we obtain the polynomial 

(2.4) f{Y) + g{Y) -y 
with 

(2.5) g{Y) = E ( ! ) ^'^'Y' 
a polynomial with coefficients in K{C) of value > 0. 

Lemma 2.9. Take {K,v) and C as above. Then K contains C if and only if it 
contains all p-th roots of unity. 

Proof. Since charX — p, the restriction of u to Q C -fC is the p-adic valuation. 
Since {K,v) is henselian, it contains (Q'',Wp). Let 77 ^ 1 be a p-th root of unity. 
It suffices to show that Q''(?y) — Q'*(C). Applying the transformation (|2.3I) to the 
polynomial (12. 2p with 6 = 0, we obtain the polynomial f{Y) = + g{Y) — F £ 
Q(C)[F] which splits over Q'' by Hensel's Lemma because f(Y) — Y^ — Y splits 
over ¥p . Since the non-zero roots of / have nonzero residue and thus value zero, 
v{tj - 1) = wC = vp/{p - 1). We find that {vQ''{r]) : vQ'') >p-l. Consequently, 

showing that equality holds everywhere and that Q'*(?7) = Q''(C). □ 

Lemma 2.10. Let (K,v) be a henselian field containing all p-th roots of unity. 
Then 

vb > -^vp l + be(K'')P 

p - 1 

for all b e K . In other words, every 1-unit of level > ^;^vp has a p-th root in K . 

Proof. Consider the polynomial (|2.4p . derived from (|2.2p . If vb > ^^vp = vC^, 

then f{Y) = Y^ — Y, which splits over K. By Hensel's Lemma, this implies that 
f{Y) splits over K. Via the transformation p.Sp . it follows that 1 6 has a p-th 
root in K. □ 

Corollary 2.11. Let {K,v) be a henselian field containing all p-th roots of unity. 
Take any 1-units 1 + b and 1 + c in K . Then: 

a) l + beil + b + c^j-iK'^Y ifvO^vp. 

b) l-ffoe (l + & + c)-(if^)P if l + ce{K'')P andvbo ^vp. 

c) I cP pc ^ {K^)P if vcP > vp . 

d) 1 + b -pc e (l + b + cP) ■ {K'')P if vb>-^vp and vcP > vp . 
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Proof, a): 1 + b e {I + b + c){K^)p is true if the quotient 

1+b+c ^ . c 



1+6 1+6 

is an element of {K^)p. By hypothesis we have vb > and thus = vc. Now 

our assertion fohows from Lemma [2.101 

b) : An apphcation of part a) shows that 

(1 +5 + c) e (1 + 6)(1 + c) • {K'^yP if vbc > ^vp. 

The assertion of b) is an immediate consequence of this. 

c) : If vcP > vp then for every i = 2, . . . ,p — 1 we have 

p \ i p + 2 p 

. c > vp + 2vc > vp > -vp ; 

I J p p~l 

note that the last inequahty holds for every p > 2. This together with assertion a) 
yields 

1 + cP+pc e (^l + cP +pc + J2(^ P ^ c'^ (if^)P = (l + c)P(if^)f = . 

d) : In view of part c), the assertion follows from part b) where 6 is replaced by b—pc 
and c is replaced by cP + pc. Note that b) can be applied since v{b — pc){cP +pc) > 
jzjvp + vp= -f^vp. □ 

2.3. The defect. Assume that (L|ii', w) is a finite extension and the extension of 
V from iiT to L is unique. Then the Lemma of Ostrowski says that 

(2.6) : ^] = {vL : vK) ■ [Lv : Kv] ■ p" with v>0 

where p is the characteristic exponent of Kv^ that is, p — chari^Tw if this is 
positive, and p = 1 otherwise (cf. [En], [R]). The factor 

diL\K,v) := p-^ = 

(vL : vK)[Lv : Kv\ 

is called the defect of the extension {L\K,v). If i/ > 0, then we talk of a non- 
trivial defect. If [L : K] — p then {L\K,v) has non-trivial defect if and only if it 
is immediate, i.e., {vL : vK) = 1 and [Lv : Kv] = 1. If d{L\K^v) = 1, then we 
call {L\K,v) a defectless extension. Note that {L\K^v) is always defectless if 
char iff = 0. Therefore, 

Corollary 2.12. Every valued field {K,v) with cYi&v Kv ~Q is a defectless field. 

The following lemma shows that the defect is multiplicative. This is a conse- 
quence of the multiplicativity of the degree of field extensions and of ramification 
index and inertia degree. We leave the straightforward proof to the reader. 

Lemma 2.13. Fix an extension of a valuation v from K to its algebraic closure. 
If L\K and M\L finite extensions and the extension of v from K to M is unique, 
then 

(2.7) d(M|X, v) = d{M\L, v) ■ d{L\K, v) 

In particular, {M\K,v) is defectless if and only if {AI\L,v) and {L\K^v) are defect- 
less. 



STABILITY THEOREM 



9 



Theorem 2.14. Take a valued field {K,v) and fix an extension of v to K. Then 
{K,v) is defectless if and only if its henselization [K^v)^ in {K,v) is defectless. 
The same holds for "separably defectless " and "inseparably defectless " in the place 
of "defectless". 

Proof. For "separably defectless" , our assertion follows directly from [En] , Theorem 
(18.2). The proof of that theorem can easily be adapted to prove the assertion for 
"inseparably defectless" and "defectless" . See [K6] for more details. □ 

Since a henselian field has a unique extension of the valuation to every algebraic 
extension field, we obtain: 

Corollary 2.15. A valued field {K,v) is defectless if and only if d{L\K'\v) — 1 
for every finite extension LlK'^ . 

Using this corollary together with Lemma [2.131 one easily shows: 

Corollary 2.16. Every finite extension of a defectless field is again a defectless 
field. 

Lemma 2.17. Let {K,v) be a valued field with v — w oW . If {K,w) and {Kw,w) 
are defectless fields, then so is {K,v). 

Proof. Take a finite extension L\K; we wish to show that equality holds in (|1.1|) . 
Let wi, . . . , Wg„ be all extensions of w from K to L, and set ej" = (wiL : wK) 
and = [Lwi : Kw] for 1 < i < gw ■ Further, for 1 < i < gu, , let wn, . . . ,Wig- 
be all extensions of W from Kw to Lwi, and set e^j = {wij(Lwi) : w{Kw)) and 
Uj = [(Lwi)wij : {Kw)w] = [L{wi owij) : Kv] for 1 < j < gi . Since {K,w) is a 
defectless field, we have [L : K] = X]f=i ^T^T ■ Since {Kw,w) is a defectless field, 
we have f^*" = [Lwi : Kw] = X^fLi Syfij ■ Using that efeij = {{wi owij)L : vK), we 
obtain: 

g™ gi gra gi 

[L: K] = ^eT^f^ij^ij = ^^(("^i owij)L : vK)[L{wi owij) : Kv] . 

i—l J — 1 1 i — 1 

As the valuations Wi owij, 1 < i < gm , 1 < j < gi , are distinct extensions of v from 
K to L, the fundamental inequality implies that they are in fact all extensions, and 
we have proved that equality holds in (|l.ip . □ 

In [K6] we have proved the following: 

Proposition 2.18. Let {K,v) be a henselian field and N an arbitrary algebraic 
extension of K within K^ . If L\K is a finite extension, then 

d{L\K,v) = d{L.N\N,v) . 

Hence, (K, v) is a defectless field if and only if (N, v) is a defectless field. The 
same holds for "separably defectless" and "inseparably defectless" in the place of 
"defectless" . 

2.4. Valuation disjoint and valuation regular extensions. Let {L\K,v) be 

an extension of valued fields, and B C L. Then B is said to be a valuation 
independent set in {L\K, v) if for every n £ N and each choice of distinct elements 
bi, . . . , bji £ B and arbitrary elements ci, . . . , Cn G K, 

V 

V > Cibi — min vcibi . 

^ \<i<n 
i=l 
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Further, B is called a standard valuation independent set (in {L\K,v)) if it 
is of the form B — {h[h[- \ l<j<fc,l<j<£} where the values vh'^, . . . , vh'f, lie 
in distinct cosets of vL modulo vK^ and 6", . . . , 6" are elements of value whose 
residues are if-linearly independent. Every standard valuation independent set is 
a valuation independent set. 

Let (ri|i^, v) be an extension of valued fields and F\K and L\K two subextensions 
oiVl\K. We say that {F\K,v) is valuation disjoint from {L\K,v) (in (f^, w)) if 
every standard valuation independent set B of {F\K, v) is also a standard valuation 
independent set of {L.F\L, v). (It is possible that a standard valuation independent 
set B of {F\K,v) remains valuation independent over {L,v) without remaining a 
standard valuation independent set of {L.F\L,v).) 

Let G and G" be two subgroups of some group C/, and H a common subgroup of 
G and G' . We will say that the group extension G\H is disjoint from the group 
extension G'\H (in Q) if every two elements in G that belong to distinct cosets 
modulo H will also belong to distinct cosets modulo G' . This holds if and only 
\i G G' — H . Hence, our notion "disjoint from" is symmetrical, like "linearly 
disjoint from" in the field case. 

Lemma 2.19. Let {U,\K,v) he an extension of valued fields and F\K and L\K 

subextensions of ^l\K . Then {F\K^v) is valuation disjoint from {L\K,v) in (f2, u) 
if and only if 

1) vF\vK is disjoint from vL\vK in vfl, and 

2) F\K is linearly disjoint from L\K in f2. 

Consequently, the notion of "valuation disjoint" is symmetrical. 

Proof. Let B he a, standard valuation independent set in {F\K, v) of the form as 
given in the definition. By condition 1), the values vb[, . . . ,vb'f. also lie in dis- 
tinct cosets of v{L.F) modulo vL. By condition 2), the residues b'{,...,vbg re- 
main L-linearly independent. Hence, B he a, standard valuation independent set in 
iL.F\L,v). 

For the converse, assume that condition 1) or 2) is not satisfied. If 1) is not 
satisfied, then there are two elements b,b' G F whose values belong to distinct cosets 
modulo vK but to the same coset modulo vL. Hence, {b, b'} is a standard valuation 
independent set in {F\K,v), but not in {L.F\L,v). If 2) is not satisfied, then there 
are elements bi, ... ,bn € F of value whose residues are iiT-linearly independent but 
not L-linearly independent. Then ...,&„} is a standard valuation independent 
set in {F\K,v), but not in {L.F\L,v). □ 

Recall that an extension F\K is called regular if it is linearly disjoint from K\K, 
or equivalently, if it is separable and K is relatively algebraically closed in F. An 
extension {F\K, v) of valued fields will be called valuation regular if it is valuation 
disjoint from {K\K,v) in {F,v) for some extension of v from F to F. Using that 

vK is the divisible hull of K and K is the algebraic closure of K (Lemma l2.ip . one 
deduces: 

Lemma 2.20. An extension {F\K,v) is valuation regular if and only if 

1 ) vF I vK is torsion free, 

2) F\K is regular. 
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Consequently, {F\K, v) is valuation regular if and only if it is valuation disjoint 
from {K\K,v) for every extension of v from F to F. Every valued field extension 
of an algebraically closed valued field is valuation regular. 

Since the henselization of a valued field is an immediate extension, this lemma 
yields: 

Corollary 2.21. If {F\K,v) is valuation regular, then also {F''-\K''- ,v) is valuation 
regular. 

Important examples of valuation regular extensions are the valued field exten- 
sions which are generated by standard algebraically valuation independent sets. 
Indeed, it follows from Lemma 12.51 that they satisfy the conditions of the above 
lemma. Using also Lemma [2.191 we obtain: 

Lemma 2.22. Let (fl\K,v) be an extension of valued fields containing a standard 
algebraically valuation independent set T. Then {K{'T)\K, v) is a valuation regular 
extension. 

Lemma 2.23. Assume that {F\K,v) is a valuation regular subextension of a valued 
field extension {D,\K,v). If T is a standard algebraically valuation independent set 
in (fl\F,v), then also {F(T)\K{'T),v) is a valuation regular extension. 

Proof. We write T = {xi , yj | i G / , j £ J} where the values vxi , i d I, are ratio- 
nally independent over vF, and the residues Ui, j & J, are algebraically independent 
over F. Since {F\K,v) is valuation regular, Lemma [2.201 shows that vF/vK is tor- 
sion free and that F\K is regular. The former implies that also vF © '^vxi is 
torsion free modulo vK © '^vxi . The latter implies that also the extension 
F{yj I j G J) I KiVj I J G J) is regular (this follows from the fact that the elements 
Ijj are algebraically independent over F). Again by Lemma [2.20) {F{T)\K{T),v) 
is a valuation regular extension. □ 

Here is the reason why we consider valuation disjoint extensions: 

Proposition 2.24. Take an extension {F\K,v) of henselian fields and a finite 
algebraic extension {L\K,v), valuation disjoint from {F\K,v) (in {F,v)). Then 

(2.8) A{L\K,v) > d{L.F\F,v) . 

Proof. Since vL\vK is disjoint from vF\vK and L\K is linearly disjoint from F\K, 
we find that 

J {v{L.F) : vF) > {vL + vF : vF) = {vL : vK) 
^ > \ [TF : F] > [L.F ■.F] = [L:K] 

Now inequality ([21]) follows from this together with [{L.F)'' : F''] < [i'' : K'']. □ 

Corollary 2.25. Take a valuation regular extension {F\K,v), fix an extension of 
V from F to F and assume that {K, v) and {K.F, v) are defectless fields. Then also 
(F, v) is a defectless field. 

Proof. From Theorem 12.141 we know that {K^,v) and {{K.F)'',v) are defectless 
fields and that it suffices to prove that {F^,v) is a defectless field. We will prove 
that every finite subextension E\F'' of {K.F)''\F'' is defectless. Since ((if.F)^,u) 
is a defectless field, it will then follow from Lemma 2.3 of [K6] that {F^,v) is a 
defectless field. 
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Since {K .F)^ — K.F^ by Lemma [231 there is a finite extension L\K^ such that 
E C L.F^. Since {K^,v) is a defectless field, we know that d{L\K^ ,v) — 1. Since 
{F\K^ v) is assumed to be valuation regular, the same holds for {F^\K^ ,v) by Corol- 
lary[22T] Thus it follows from Lemma[2^that d{L.F''\F^ ,v) < d{L\K'',v) = 1. 
Using Lemma [2. 131 we conclude that d{E\F'\v) — I. □ 

2.5. Henselized function fields. Theorem 12.141 shows that a valued field is de- 
fectless if and only if its henselization is. So instead of working with a valued 
function field, we will rather analyze its henselization. Such a henselization will be 
called a lienselized function field. Every finite extension of a henselized func- 
tion field is again a henselized function field. Further, a henselized function field 
{F\K, v) will be called henselized rational with generator x if = K{x)^ . We 
will say that {F\K,v) is henselized inertially generated with generator x if 
(-F, v) is a finite unramified extension of a henselized rational function field with 
generator x. 

We note that {F\K, v) is henselized inertially generated with generator x if and 
only if there exists some y e F such that F = K{x)^{y), vy = and K{x)(lj)\K{x) 
is a finite separable extension of degree 

(2.10) [K{x){y) : ifR] = [K{x,y) : K{x)] = [K{x)\y) : K{x)''] . 

Indeed, if the latter holds, then F|i4r(a;)'' is unramified. Conversely, if F\K{x)^ 
is unramified, then F\K{x) is a finite separable extension, of degree [F : K{x)'^], 
and we can choose some C ^ F such that F = K{x){(). Take a monic polynomial 
/ with coefficients in the valuation ring of K{x) and such that / is the minimal 
polynomial of ^ over K{x). By Hensel's Lemma, / has a root y ^ F such that 
y = C- Since deg(/) = deg(/), we obtain the first equation in (|2.10p . Consequently, 

[Ki^m : = [Kix,y) : K{x)] > [Kixfiy) : > [K{x){y) : W{x)] . 

Hence, equality holds everywhere, showing that F = K{xy''{y) and that the second 
equation in (|2.10|) holds. Note that vF — vK{x) by Lemma [231 

Take a henselized inertially generated function field {F\K,v) of transcendence 
degree 1 without transcendence defect. Then either ttvF/vK = 1 and there is a 
value-transcendental element x & F, i.e., its value vx is rationally independent 
over vK, or trdeg F\K = 1 and there is a residue-transcendental element x G 
F, i.e., vx = and the residue x is transcendental over K. In both cases, x is 
transcendental over K by Lemma [2751 hence F\K{x) is finite. 

Assume in addition that the element a; is a generator for the henselized iner- 
tially generated function field {F\K,v). Then in the first case, we call x a value- 
transcendental generator, and in the second case a residue-transcendental 
generator for {F\K, v). In both cases, we also call x a valuation-transcendental 
generator. In the first (the "value-transcendental") case, F\K is finite, and in the 
second (the "residue-transcendental") case, vF/vK is a finite torsion group (cf. 
CoroUary|2Sl). _ _ 

If in addition K is algebraically closed, then by Lemma 12.11 F — K is alge- 
braically closed and vK is divisible in the value-transcendental case, and vF = vK 
is divisible and K algebraically closed in the residue-transcendental case. We see 
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that a henselized rational function field of transcendence degree 1 with a value- 
transcendental generator over an algebraically closed field does not admit proper 
unramified extensions, hence: 

Lemma 2.26. Every henselized inertially generated function field of transcendence 
degree 1 with a value-transcendental generator over an algebraically closed field is 
a henselized rational function field. 

Lemma 2.27. Take an algebraically closed field K and a finite extension {E\F,v) 
within f . If{F\K, v) is a henselized rational function field with value-transcenden- 
tal generator, then so is {E\K,v). If {F\K,v) is a henselized inertially generated 
function field with residue-transcendental generator, then so is {E\K,v), with the 
same generator. 

Proof. Case 1): {F\K,v) has a value-transcendental generator x, so F = K{x)^. 
Since vF = vK{x) = vK © Zvx, vK is divisible and vE\vF is finite, we have 
that vE = vK for some n > 1. Since C F'", n is equal to [E : F] and 

prime to char if. As F = if is algebraically closed and E\F is finite, we find 
that E = F. Therefore, Hensel's Lemma can be used to find an element y in the 
henselian field E such that y" = cx for some c G i^ of value 0. We have that 
vy = 2f , Kix)'' C if ifM = and 

[E : Kixf] > [K{y)'' : K{x)^] > {vK{y) : vK{x)) ■ [K{y) : K{x)] 
= {vK{y) : vK{x)) > n ^ [E : K{xf] . 

Hence, equality holds everywhere, so i? = K{y)'^. As vy is rationally independent 
over vK, {E\K, v) is a henselized rational function field with value-transcendental 
generator y. 

Case II): {F\K,v) has a residue-transcendental generator x. Then vF — vK is 
divisible, and since vE/vF is finite, vE — vF. Hence (E\F,v) is unramified and 
{E\K,v) is again a henselized inertially generated function field with generator 

X. □ 

3. Inseparably defectless fields 

We shall prove the "inseparably defectless" version of the Generalized Stability 
Theorem: 

Proposition 3.1. Let (F\K,v) be a valued function field without transcendence 
defect. If {K,v) is an inseparably defectless field, then so is {F,v). 

Proof. We choose a standard valuation transcendence basis T of {F\K,v) as in 
CoroUarv 12.61 Then F\K{T) is a finite extension. By Lemma 4.15 of [K6], every 
finite extension of an inseparably defectless field is again an inseparably defectless 
field. Hence it suffices to prove that (if (T), v) is an inseparably defectless field. 

Every finite purely inseparable extension L of if (7~) is contained in an extension 
E = K'{T^/P"') = K'{t^/P"^ \ter) for a suitable m G N and some finite purely 
inseparable extension if' of if. Since if'jif is algebraic, we know from Lemma [2J] 
that vK' /vK is a torsion group and if'jif is algebraic. Consequently, the values 
vx]^''' = 1^ , i < i < r, are still rationally independent over vif ', and the 
residues y^^^"^ i — , 1 < j < s, are still algebraically independent over if'. 



14 



FRANZ- VIKTOR KUHLMANN 



This proves that 7~^/p is a standard valuation transcendence basis of {E\K',v). 
Now Lemma 12.51 shows that 



vE = vK' © I.vxY'' ® . . . ® Zvxl'P = vK' ® Z— © . . . ® Z— 
and that 

^ = (S^, . . . = iTlF^/^''", . . .,y;'/n , 

whence 

[£; : K{T)] = [K'iT^'P^) : K'{T)] ■ [K' {T) : K{T)] = p"'^''+'^ ■ [K' : K] 
= p""' ■ (wii" : vK) ■ p"" ■ [IT : 1?] 



= {vE : vK{T)) ■ E : K{T) 

since {K'\K, v) is defectless by hypothesis. This equation shows that {E\K{T),v) is 
defectless. Then by Lemma r2.131 also its subextension {L\K{T), v) is defectless. □ 

4. Galois extensions of degree p 

In this section, we will consider the structure of Galois extensions E\F oi degree 
p of a henselized inertially generated function field {F\K, v) of rank 1 and of tran- 
scendence degree 1 with a valuation-transcendental generator x. Throughout, we 
will assume that 



(4.1) 



{K, v) is henselian and p = char > , 
and K is closed under p-th roots. 



If char K = p, then the latter condition is equivalent to K being perfect. If char K = 
0, then it implies that K contains all p-th roots of unity. 

In Section 12.51 we have shown that if K is algebraically closed, then we may 
assume that F has the following structure: 

a) The value-transcendental case: {F\K,v) is henselized rational, so we have 
that 

(4.2) F = K{xf is of rank 1 and x is value-transcendental over K. 

In this case, F ^ K and vF = vK © "Lvx. 

b) The residue-transcendental case: here we have 

{F = K{x)^{y) is of rank 1, where x is residue-transcendental over K, 
F — K{x, y) with K relatively algebraically closed in F, and 
K(x,y)\K{x) separable with [K(x,y) : K{x)] = [K{x,y) : K{x)] . 

In this case, vF = vK. 

In what follows we will not assume that K is algebraically closed. Instead, we 
will assume (|4.1[) together with (14.21) or (14.31) . respectively. 

If char if = p, then the Galois extension of degree p is an Artin-Schreier 
extension (cf. [L], Theorem 6.4). That is, the extension is of the form 

(4.4) E ^ F{^) where a := i}P - ^ e F . 
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By the additivity of the Artin-Schreier polynomial p{X) — — X, for every d & F 
we have: 

(4.5) E^F{d-d), p{d-d)=dP -dP -d + d = a-dP + d e a + p{F) . 

This shows that we can replace a by any other element of a-\-p{F) without changing 
the Artin-Schreier extension. Note that by Hensel's Lemma, X^ — X — a has a root 
in the henselian field F whenever va > 0. For the valuation ideal Aip of F, we 
thus have 

(4.6) Mf C p{F) . 

If charii' = and K contains all p-th roots of unity, then E\F is a Kummer 
extension (cf. [L], Theorem 6.2). That is, the extension is of the form 

(4.7) E = F{§) where a -.^ §p e F . 
For every d G F^ we have 

(4.8) E = F(dd), = adP e a{F'')P , 

showing that we can replace a by any other element of a{F^)P without changing 
the extension E\F. 

The main goal of this section is the proof of the following result: 

Proposition 4.1. Assume that {K,v) satisfies condition {4-1^ , Further, let {F,v) 
be of the form 114 or ^.3^ , and {E\F,v) a Galois extension of degree p. Then 
either (E\F,v) is defectless or there is a Galois extension L\K of degree p with 
non-trivial defect such that {L.E\L.F,v) is defectless. 

Corollary 4.2. Let {F\K,v) be a henselized inertially generated function field of 
transcendence degree 1 and rank 1. If {K,v) is a defectless field, then every Galois 
extension {E\F,v) of degree p is defectless. 

Remark 4.3. The normal forms we will derive will show that if we drop the condition 
that K be closed under p-ih roots, then the assertion of Proposition 14.11 remains 
true if we replace Khy a. finite extension K' (which depends on F), F by K' .F and 
E by K'.E. This extension K'\K can be chosen purely inseparable if chari^ — p, 
and to be generated by successive adjunction of p-th roots if char K — 0. Indeed, 
it suffices to choose K' large enough to contain the finitely many coefficients that 
appear in the normal forms. 

4.1. The value-transcendental case. We will first discuss the value-transcen- 
dental case of Proposition 113] We will consider the ring 

R = K[x,x-^] 

which consists of all finite Laurent series 

(4.9) (fix) = c^x' , c^<^K , I cZ finite. 

Lemma 4.4. Let F = K{x)^ where {K{x),v) is of rank 1 and x is value-trans- 
cendental over K. Then R is dense in F. If chai K = p, then this implies that 
F^R + piF). 
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Proof. Since {K{x),v) is of rank 1, we know from Lemma 12.41 that it is dense in 
K{x)^. Now it suffices to prove that R is dense in its quotient field K{x). For this, 
it is enough to show that for every ^ y^ix) € R and a G vK{x) there is some 
(p{x) G R such that 

— (p{x) \ > a . 



Using the notation of (|4.9p we have that 

(4.10) vip{x) — minvCiX^ = vCkX^ 

for a unique k £ I since x is value-transcendental over K. We write 



1 c7'x 



<y9(a;) 1 — tp{x) 



with tp{x) = 1 - ''(p{x) e R 



Since vtfj{x) > and vK is archimedean by hypothesis, there is some n € N such 
that {n + l)vip(x) > a + vckX*' . Then by the geometric expansion, the element 



g>{x) -.^c^^x^'^Y^i^ixy £R 

i=0 

satisfies 



ip{x) J \l~^:{x) 



xy I - vckx^ 



— {n + l)v^j{x) — vckX > a . 

We have now proved that R is dense in F. This means that F = R + M.f ■ If 
char K =p, then by (gS]) it follows that F = R+ p{F). □ 



• The equal characteristic case. 

We deduce the following normal form, which proves the equal characteristic value- 
transcendental case of Proposition 14.11 

Proposition 4.5. Let K , F and E he as in the value-transcendental case of Propo- 
sition \J7l\ and assume that charX — p. Then either 

(4.11) E = F{d) where - d £ K , 

or 

E = F{d) where - d = cq + ^ Cix' , Ci e K 

with finite non-empty I C pZ \ Z and such that 

\/i £ I : vCiX^ < 

and Vi E I : vCiX^ < vcq < if cq ^ 0. 

If {-i-ll ) does not hold, then {vE : vF) = p and the extension (E\F,v) is defect- 
less. If i4.11\ l holds then for L — K{'&) we have that the extension {L.E\L.F, v) 
is trivial and hence defectless. In this case, {E\F,v) is defectless if {L\K,v) is 
defectless. 
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Proof. We can assume that E\F is of the form ()4.4|) . By Lemma [4.41 and (|4.5|) . we 
can also assume that a is a finite Laurent series f{x) of the form ()4.9p . and only 
containing summands of value < 0. Again by (j4.5l) . we can replace a summand 
CjpX^P of (p{x) by a summand c^x-' with = cj^^ G -ftT (as if is assumed to be 
perfect). After a finite repetition of this procedure we arrive at a finite Laurent 
series co + ^i^^ with I (Zl\ pL. In this procedure, all summands remain of 
value < and the original coefficient cq € K remains unchanged. Note that for all 
i I, vciX^ < because i ^ and thus ivx ^ vK. 

Assume now that (|4.1ip does not hold. Then I ^ %. We may assume that 
vcq > vcix"^ for all j e /. Indeed, if this is not the case then using (|4.5I) times, we 
can replace cq by Cq^^ . For large enough u, we obtain that > vc^^^ = {vco)/p'^ > 
vcix'^ for all i G /, because the value group vK{x) is archimedean by hypothesis. 

Since the elements x% i £ Z, are valuation independent over K, there is j £ / 
such that w(co + X^ie/ '^«^*) ~ vcjx^ < 0. Therefore, we must have that vd < 0. 
It follows that vdP — pvQ < vd and consequently, pvd = vd'^ = vcjX^ by the 
ultrametric triangle law. As j ^ pZ, this value is not in pvF. Hence {vE : vF) > p. 
From the fundamental inequality it then follows that {vE : vF) = p. 

Finally, assume that (|4.1ip holds. Set L ~ A'(z9). Since vF/vK is torsion free 
by assumption and F = K, we know from Lemma 12.201 that {F\K,v) is valua- 
tion regular. Therefore, the algebraic extension {L\K,v) is valuation disjoint from 
{F\K,v) and Lemma [221 tells us that d{L\K,v) > d{L.F\F,v) = d{E\F,v). Hence 
if {L\K,v) is defectless, then so is {E\F,v). □ 

• The mixed characteristic case. 

The following normal form proves the mixed characteristic value-transcendental 
case of Proposition 14. II 

Proposition 4.6. Let K , F and E he as in the value-transcendental case of Propo- 
sition [^7/| and assume that char AT = 0. Then 

E = F{i9) where = x'^u , 

with m G {0, . . . ,p — 1} and u G K[x,x^^] a 1-unit of the form 

M = 1 + CiX^ , Ci d K, 

lei 

with finite index set I <z1i \ {0} and 

V 

(4.12) Vi e I : < vcix"- < vp and (i e p'L vCix' > vp) . 

p- 1 

If vCiX^ > ^;zjvp foT 0,11 i £ I, then it may in addition be assumed that / C Z \pZ. 
If I ^ $ then V X^ie/ ^i^^ ~ miujg/ vCiX^ is not divisible by p in vF . 
Further, m ^ or I ^ %. In both cases, {vE : vF) = p. 

Proof. We can assume that E\F is of the form (|4.7p . Since vF — vK © "Lvx and 
F = K, we can write a — cx^u where k € c € K and u G F a, 1-unit. Using 
(|4.8p and our assumption that K is closed under p-th roots, we may replace a by 
x"^u where m — {k modp). By Lemma 14.41 and part a) of Corollarv l2.11l we may 
assume that 

u = 1 + CiX* e R with Ci £ K , voix^ < — — — vp and / C Z finite. 
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Since u is a 1-unit, we have w^CiX* > 0, and since the elements , i & li, are 
valuation independent, we find that vcix"^ > for each i £ I . 

Since K is closed under p-th roots, a monomial qx* is a p'^-th power in F if 
and only if i G p'^Z; indeed, if i ^ p'^Z, then v{cix'^)^^P = ^^c^^ + ^vx ^ 
vK © Zvx = vF. In a first step, we will eliminate all p-th powers ^ cg of value 
< vp in the above sum. Assuming that there are any, let v be the largest positive 
integer such that p^-th powers ^ cq appear. Suppose that there are n many, and 
write them P . Denote by y the sum of all other summands, so that 

1 + y + J2^=i ■ Using (|4.8p . we replace u by 



(i+E;u-.r (i+E;u^.r (i+E;=i^.r ' 

Using the geometrical series expansion as in the proof of Lemma 14.41 '^s find that 
the first quotient on the right hand side is equivalent to 1 modulo pM f ■ The 
second quotient on the right hand side is equivalent modulo pAdp to a finite sum 
of products of the summands in y with the p'^-th powers , . . . ,zP . Since the 
summands ^ cq in ?/ aren't p^'-th powers, the products aren't either. By the geo- 
metrical series expansion we also find that there are only finitely many summands 
c-a;* in u' of value < ^^vp . By part a) of Corollarv l2.11l we can thus replace u' by 
the sum of these finitely many elements, which is a 1-unit. We will call it again u. 
Iterating this process until we finish with v = 1, we obtain a 1-unit u in which no 
p-th powers CiX^ ^ cq of value < vp appear: 

u = 1 + CiX^ with finite / C Z, < vcix'^ < j^vp , 
and CiX^ £ pM f if / i G pZ . 

We note that 

where the values of the summands have not changed. Since K is closed under p-th 
roots, 1 -I- Co is a p-th power in K. We may thus replace u by and / by / \ {0} 
so that we may assume in addition that / C Z \ {0}. 

Suppose that all summands Cix' have value > ^^vp. Then part d) of Corol- 
lary [2TTT] shows that we may replace every monomial of the form CiX^ with i G pZ by 
the monomial —pCiX^^^ where Ci G K is a, p-th root of c^. Note that vCiX^ < -^^vp 
implies that v(—pCiX^^^) < -^^vp. After an iterated application we may then 
assume in addition that / n pZ — 0. 

It remains to prove the last assertions of the lemma. If to 7^ 0, then vi) — ^vx ^ 
vF. Assume that to = 0. Then I ^ ^ because the extension E\F is assumed to 
be non-trivial. Hence there is some j G I such that t'Eie/ '"'^^ ~ vcjX^ . We have 
that j ^ pZ : if wcix' > :^zj'^P ^or alH G / then this follows from / C Z \ pZ, and 
otherwise it follows from the second assertion of (|4.12p . By Lemma 12.91 we know 
that C (z K. Performing the transformation (12. 3p . we find that rj is a root 

of the polynomial (|2.4p . with b — Eie/ Cix'^ Since vb — vCjX^ < ^^wp (as j ^ 0, 
equality cannot hold), we have that v-^ < 0. The polynomial g in (|2.4I) having 
coefficients di of value > 0, this implies that vd < 0. It follows that vd^ < vd and 
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v-dP < vdid^ for 2 < z < p — 1. Consequently, pvd = v-^ hy the ultrametric triangle 
law. This yields: 

11 j 

vrj = — vbC P = — vCj — vC H — vx ^ vK © "Lvx ~ vF . 
P P P 

In all cases, we find as in the proof of Proposition 14.51 that {vE : vF) = p. □ 

4.2. Frobenius-closed bases. The ring R = K[x,x^^] that we used above has 
the following crucial properties: 

- R contains K and its quotient field K{x) is dense in = K{x)^, 

- R admits a valuation basis B = {x* \ i £ 1} over K, containing the element 1, 
such that the values wa;*, i E I, form a system of representatives of vK{x) modulo 
vK, 

- The basis B is Probenius-closed, i.e., the p-th power of every element in B lies 
again in B. 

We will need an analogue of such rings also in the residue-transcendental case. 
But there, we will have to work with a henselized inertially generated function field. 
The main goal of this section is the proof of the following lemma: 

Lemma 4.7. Let {F\K,v) be a henselized inertially generated function field of rank 
1 and transcendence degree 1 with a residue-transcendental generator. Further, 
assume that K is perfect of characteristic p > Q and relatively algebraically closed 
in F , and that K is of arbitrary characteristic and closed under p-th roots. Then 
F contains a subring R which satisfies: 

(LFCl) R contains K and its quotient field Quot(R) is dense in F, 

(LFC2) R admits a valuation basis B — {uj | j G J} over K of elements of 

value and containing the element 1, whose residues uJ, j £ J , form 

a basis of F\K, 
(LFC3) B is Frobenius-closed. 

The valuation basis B of this lemma may be called a lifting of a Probenius- 
closed basis (LFC) in view of part a) of the following lemma. Part b) is the 
crucial property of Frobenius-closed bases of function fields that we are going to 
exploit. 

Lemma 4.8. Assume that Properties (LFC2) and (LFC3) hold. Then: 

a) The basis B of F\K consisting of all uj, j e J, is also Frobenius-closed. If 

U,n = uFn if^^^ Urn = uP- 

b) If the sum 

CiUi , Ci £ K , I C J finite 

is a p-th power, then for every i £ I with Ci ^ 0, the basis element Ui is a p-th 
power of a basis element. 

c) If 

7^ -iJP - i9 = ^ CiUi , Ci e K , I C J finite 
iei 

then there is some i £ I with Ci ^ such that the basis element Ui is a p-th power 
of a basis element. 
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Proof, a): Since B is Frobenius-closed, every is an element of B. Hence = 
^ B which shows that B is Frobenius-closed. If Um = then — u^) > — 
vum which is only possible if u„i = uf^ since B is assumed to be a valuation basis, 
b): Assume that the sum is equal to 



where Jq C J is a finite index set. Then 

iel j<£Jo 

By part a), the elements are also basis elements. Hence every Ui which appears 
on the left hand side (i.e., Ci ^ 0) equals a p-th power appearing on the right 
hand side. 

c): Similar to b), hence left to the reader. □ 

We also deduce the following analogue of Lemma 14.41 

Lemma 4.9. Let F he henselian of rank 1. Then the properties (LFCl ) and (LFC2) 
imply that R is dense in F . If char K = p, then F — R -\- p{F). 

Proof. In view of (LFCl), we have to show that R is dense in its quotient field, for 
which it suffices to show that for every r € R and each a S vF there is r' G i? such 
that u(i — r') > a. Assume that there exists an element s G i?^ with v{rs — 1) > 
and write 

1 s 



r 1 — (1 — rs) 

Note that 1 — rs e i? and proceed as in the proof of Lemma ITU It remains to show 
the existence of s. The properties K C R and (LFC2) imply that vR = vF and 
R = F. Hence there is some si G i? such that vrsi — and that the residue of the 
element rsi G R has an inverse in R, say S2 for suitable S2 S R. Then the element 
s = S1S2 has the desired property since vrsiS2 — vrsi = and rsiS2 = 1- 

The last assertion follows as in the proof of Lemma 14.41 □ 



We will now prove Lemma [4.71 Since K is assumed to be perfect and F\K a. 
function field of transcendence degree 1 with K relatively algebraically closed in 
F, Theorem 10 of [K5] shows that there exists a Frobenius-closed basis of F\K. 
We have to lift this basis to a Frobenius-closed basis of F over K. Recall that F 
is of the form (14. 3|) . Let f{x,y) = be the irreducible equation for x,y over K, 
normed such that / has coefficients of value > with f{X,Y) ^ 0. By (j4.3|) . the 
polynomials f{X,Y) and f{X,Y) have the same degree in Y, and 

(4.13) %ix,y)^Q. 



dY 



The case of char K ^ p. 



Since K is assumed to be henselian and perfect, it contains a field of representatives 
for the residue field K (we leave the easy proof to the reader). We identify this 
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field with so tliat we can write 

(4.14) TiciK with a = a for all a e F . 

This enibedding can be extended to an embedding of F in as follows. By (|4.14p . 
we can view the polynomial f{x, Y) as a polynomial over K{x) C F; from (|4.13p it 
follows by Hensel's Lemma that this polynomial in Y has exactly one zero y' F 
with j/ ^ y. We have K{x)^{y') C K{x)'^{y). Again from (|4.13|) it follows that 
the polynomial f{x, Y) has exactly one root in K{x)^{y') whose residue is equal to 
y' — y. This root must be y, hence y G K{x)^{y') and we have shown that 

(4.15) K{x)\y') = K{xf{y)^F. 

The residue map induces on K the identity and an isomorphism 

Tiix) — > K{x) 

since both x and x are transcendental over K. It leaves the coefficients of the 
irreducible polynomial f{X,Y) fixed and sends the zero {x,y') of f{X,Y) to the 
zero [x, y) , hence it induces an isomorphism 

K{x,y')^K{x,y) = F . 

By this isomorphism we identify 

x = x , y' ^y 

such that 

(4.16) F CF , F = (K.Ff , 
the latter being a consequence of (|4.15l) . 

By construction, K and F are linearly disjoint over K. We form the subring 
generated by both fields in F: 

R = K[F] C F . 

By (|4.16p . F is the henselization of the quotient field of R. Since the rank of F is 
1, the field Quot(i?) is dense in its henselization by Lemma [2.4[ hence R satisfies 
property (LFCl). 

Every iiT-basis of F is at the same time a if -basis of R. As the residue map 
induces the identity on F, every such basis is a valuation basis of R over K. Thus, 
R satisfies (LFC2). If we choose, as indicated above, a Frobenius-closed basis of 
F\K then R together with this basis also satisfies property (LFC3). 

We summarize what we have proved: 

Lemma 4.10. In the case of char K — p there exists an embedding of the residue 
field F in F respecting the residue map such that K = K H F , that K is linearly 
disjoint from F over K and that F — {K.F)^ . The ring R = K[F] C F satisfies 
properties (LFCl), (LFC2) and (LFC3). 

• The case of char if = 0. 

In this case, K contains Q and its valuation induces the p-adic valuation Vp on Q. 
Since K is algebraically closed, it contains a subfield Kq such that ifo — K and 
vKq = VpQ = Zvp; this field can be constructed as follows. Take T to be a set of 
preimages for a transcendence basis T of K\¥p; then T is an algebraically valuation 
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independent set and we have Q(T) — ^p{T) and vQ{T) — vQ by Lemma [^31 Now 
K I Q(T) is an algebraic extension which can be viewed as a (transfinite) tower of 
finite separable and finite purely inseparable extensions. By induction we succe- 
sively lift all of these extensions, preserving their degrees. The separable extensions 
are lifted by Hensel's Lemma, using our assumption that {K, v) is henselian. The 
purely inseparable extensions can be lifted using our assumption that K is closed 
under p-th roots. We obtain a tower of finite extensions, starting from the field 
Q(7~); since all of them have the same degree as the corresponding extensions of 
their residue fields, the fundamental inequality shows that they preserve the value 
group as Q(T), which is Zup. The union over this tower is the desired field Kq. 

Note that Ko{x) = Kix). So we may choose a polynomial g{X,Y) G -ft'o[-'^, ^] 
with coefficients of value > such that g has the same degree in F as /, and 

g{X,Y) = 7(X,r) and = l{x,Y) . 

From ()4.13|) it follows by Hensel's Lemma that g{x,Y) has exactly one zero y' € F 
with y' = y. We have K{x)^{y') C K{xY{y). Again from (|4.13l) it follows that 
the polynomial f{x,Y) has exactly one root in K{x)^{y') whose residue is equal 
to y' = y. This root must be y, hence y £ K{x)'^(y') and we have shown that 
K{x)''iy') = K{xf{y) = F. 

K{x)\y') = K{xf{y) = F. 

Hence we assume from now on that y is algebraic over Kq{x) with 

[K^{x,y) : Ko{x)] = [Ko(x,y) : K'o{x)] = \K{x,y) : K{x)] = [K{x,y) : K{x)] . 

In particular, this shows that the function field Fq :— Ko{x,y) is linearly disjoint 
from K over Kq. Moreover, we have 

F},=lQ;{x,y)^F 

and, in view of Lemma 12.31 

(4.17) F = K{xf{y) = K{x, yf = {K.K,{x, y)f - {K.F.f . 

Now we lift the Frobenius-closed basis B oi F\K to Fq . First we observe that 
every basis element u ^ 1 in ;B is an element oi F \ K and hence transcendental 
over as K is assumed to be relatively algebraically closed in F. This implies 
that there exists an integer v = v^u) such that u ^ F^ . Consequently, 

F = {1} U {It''" I n e N and u e S \ F^} . 

For every u B\ F^ we choose an element u <E Fq with residue u. Let B' be the 
collection of all these elements u. Then 

B = {l}U {uP" I n € N and M e B'} 

is a valuation independent set and a set of representatives for B. Let 

Ro^Kq[B] 

be the subring of Fq generated over Kq by the elements from B. Since 

vRq = VpQ = vFq and =F = Fo 

and since the value group VpQ is isomorphic to Z, we conclude that Rq is dense in 
Fq. 
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We form the subring generated by K and Rq in F: 

R := K[Ro] = K[B] C F . 
Since Rq is dense in Fq and K is of rank 1 by assumption, R is dense in the ring 

R' := K[Fo] C F . 

From ()4.17p it follows that F is the henselization of the quotient field of R' . Since 
the rank of is 1, the field Quot(i?') is dense in its henselization by Lemma [2.41 
and the fact that R is dense in R' implies that Quot(i?) is dense in Quot(i?'). Hence 
R satisfies (LFCl). 

By construction, S is a valuation basis of R over K, containing 1, closed under 
p-th powers and such that i3 is a Frobenius-closed basis oi F \ K. Hence R satisfies 
(LFC2) and (LFC3). We summarize what we have proved: 

Lemma 4.11. In the case o/ char if = there exists a subfield Kq of K and a 
function field i^ol^o linearly disjoint from K\Kq such that vFq — vKq is discrete, 
Kq — K and Fq = F. The field Fq contains a valuation independent set B including 
1 and closed under p-th powers such that B is a Frobenius-closed basis of F over K . 
The ring Kq[B] is dense in Fq, and the ring R = K[B] satisfies properties (LFCl), 
(LFC2) and (LFC3). 



4.3. The residue-transcendental case. 
• The equal characteristic case. 

Using Lemma I4.10[ we derive the following normal form, which proves the equal 
characteristic residue-transcendental case of Proposition 14.11 

Proposition 4.12. Let K, F and E be as in the residue-transcendental case of 
Proposition and assume that char i^T = p. Choose a ring R with Frobenius- 
closed basis B in F\K as in Lemma \4.10\ Then either 

(4.18) E = F(t?) where §p ~ i} e K , 

or 

E = F{i}) where §p -i9 = Y^ c^u, , ^ c, e K, Ui e B 

with I a finite index set, and such that no element Ui ^ 1 is a p-th power in B, and 

\/i G I : vciUi ~ vci < . 

If vCjUj < for some j (z I with Uj ^ 1, then E\F is purely inseparable of degree 
p. If vCiUi = for all i E I, then E\F is separable of degree p. In both cases, 
{E\F,v) is defectless. 

Suppose that ue ^ 1 for some £ I and C£Ue is the only summand of value 
< 0. Take L to be the Galois extension of K generated by a root of the polynomial 
XP — X — Ci . If I ~ {f\ then holds and the extension (L.E\L.F,v) is trivial. 

Otherwise, L.E\L.F is separable of degree p. In both cases, {L.E\L.F,v) is defectless 
and if (E\F,v) has non-trivial defect, then (L\K,v) has non-trivial defect. 
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Proof. We can assume that E\F is of the form ()4.4|) . By Lemma l49l and (|4.5|) . we 
can also assume that 

a = CiUi where G if, Ui E B 
iei 

with / a finite index set and such that vciUi < for all i G /. Note that by (LFC2), 

(4.19) va — minvCiUi < 

iei 

After a replacement procedure similar to the one used in the proof of Proposi- 
tion 14.51 we can assume that no element Ui ^ 1 is a p-th power of another element 
in B (which by part b) of Lemma l48l implies that uI is not a p-th power in B). Note 
that if Ui 1, then Ui G F \ K , which shows that there exists an integer i/ = v{ui) 
such that Ui ^ F'P , and so Ui ^ B^ . 

Assume that vCjUj < for some j E I with uj =/= 1, and choose j such that 
vCjUj — min vCiUi < . 

If = 1 for some £ G I, then as we did for the element cq in the proof of Propo- 
sition 14.51 we can replace C£Ui — cg G K hy a suitable p''-th root in K whose value 
is larger than vCjUj . We can thus assume that vCjUj — miiii^j vCiUi . As in the 
proof of Proposition 14.51 we find that vd — j^vcjUj = ^vcj . Set d = Cj ^^"^ G K and 
X :— M. Then = and vd > 0. We obtain: 

XP - dP-\ = dP{dP - Z9) = Cjl ^^^^ ■ 

Set di = Ci/cj ; then vdi > and dj ~ 1. Since vd^^^x > 0, we see that 

= Y^diUi ^ y^djUj 

iei iei 

Since dj = 1 and Uj 7^ 1 is not a p-th power in B by construction, we can infer 
from part b) of Lemma [4.81 that x ^ F. Thus, [E : F] > p. By the fundamental 
inequality ()l.ip . equality holds. Since the extension is generated by "i?, it is purely 
inseparable. 

Assume that all summands CiUi have value 0. Then also has value 0, and 

= ^ CiUi . 

iei 

If the polynomial — X — ^ ciUi were reducible, then Hensel's Lemma would 
yield that [E : F] < p in contradiction to our assumption. Hence [E : F]> p, and 
as before it follows that equality holds. As the extension is generated by it is 
separable. 

Assume that Ui ~ 1 for some £ € I and ceue is the only summand of value 
< 0. Choose 1)0 E K such that — lio = ci , and set L — Kido). Then for 
■di := -d - §0 E L.E, we obtain from (|4?5|) that 

L.E = L.F{di) where d^-di^ ^ c^Ui . 

iei\{i} 

If the polynomial — X — '^i^i^iciui is reducible, then it splits completely. But 
by part c) of Lemma [i^ this is only possible if the sum is empty, that is, / — {I}. 
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In this case, (|4.18p holds with — ~ ci . If the polynomial is irreducible, then 
[L.E : L.F] > p, and again, equality holds. As the extension L.E\L.F is generated 
by "di, it is separable. 

Finally, it remains to prove the very last assertion of the lemma. Since K is 
assumed to be perfect and relatively algebraically closed in F, the extension F\K is 
regular. Since also vF = vK, we know from Lemma [2.201 that {F\K, v) is valuation 
regular. As in the proof of Proposition l4.5l it follows that if {L.F\F, v) has non-trivial 
defect, then {L\K,v) has non-trivial defect. Suppose that {E\F,v) has non-trivial 
defect. Since i^li^ is a subextension oi L.E\F it then follows from Lemma [2 . 1 31 that 
{L.E\F,v) has non-trivial defect. Since {L.E\L.F,v) is defectless, it follows again 
from Lemma r2.13l that {L.F\F, v) and hence also {L\K, v) has non-trivial defect. □ 

• The mixed characteristic case. 

Using Lemma 14.111 we derive the following normal form, which proves the mixed 
characteristic residue-transcendental case of Proposition 14.11 

Proposition 4.13. Let K, F and E he as in the residue-transcendental case of 
Proposition \4-l[ and assume that char K — 0. Choose a ring R with Frobenius- 
closed basis B in F\K as in Lemma \4.11\ Then 

E ^ F{d) where = ru 

such that r G R has value and either r — 1 or r ^ F^ , and such that u G R is a 
1-unit of the form 

u = 1 -I- ^ aui , a e K, I ^ Ui e B 
where I is a finite index set and 

p 

\/i & I : < vciUi — vci < vp and (ui E B^ ^ vci > vp) . 

P- 1 

If vCi > ^^vp for all i (z I , then it may be assumed that no Ui at all appearing in 
the sum is a p-th power in B. 

In all cases, [E : F\ = p, with the extension being separable if and only if r — 1 
and vCi = -^^vp for all i G I . 

Proof. We can assume that E\F is of the form (14. 7p . Since vF — vK, we can write 

a — cb where c d K with vc = va. Using (14.81) and our assumption that K is closed 

under p-th roots, we may replace a by b. Now vb = 0, so b ^ 0. If 6 is a p-th power 



in F, then we may choose bo & F with bo = b and write b — b^u with u a 1-unit. 

As before, we may then replace b by u. Now suppose that b is not a p-th power 

in F. By (LCF2) we can choose r € R such that r = 6 and write b = ru with u 

a 1-unit. In summary, we have shown that we can assume i?^ = ru with r G i? of 

value and either r = 1 or r ^ F^ , and u € F a. 1-unit. 

In view of Lemma l479l and part a) of Corollarv l2.1H we may further assume that 

u = 1 + CiUi with Ci E K, Ui £ B , vciUi < — — — vp and / C Z finite. 
iei ^ 
Since m is a 1-unit, we have v ^ CiUi > 0, and since the elements ut form a valuation 
basis of R over K by (LFC2), we find that vaui > for each i E I. 
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All further properties stated for the sumniands CiUi in the proposition are now 
obtained by a replacdement procedure as in the proof of Proposition 14.61 

It remains to prove the last assertions of the lemma. If r ^ i^^ then d = r^/^ ^ F. 

Now assume that r = 1. By Lemma [2.91 we know that C G K. Performing the 
transformation (|2.3p . we find that 

i9 - 1 

is a root of the polynomial (12.41) . where b — X^iG/ ^i^i. Suppose first that vciui — 



■^^vp for all i £ I. Then vbC ^ ~ 0, and the residue polynomial — Z — bC~P 

does not admit a zero in F since otherwise rj £ F hy Hensel's Lemma and E\F 
would be trivial, contrary to our assumption that its degree is p. 

Now suppose that vciUi < -^^vp for some i £ I. Then for a suitable j € /, 

p 

(4.20) vb — min vCiUi — vCj < vp 



and vbC < 0. As in the proof of Proposition 14.61 we find that 

vri — — vbC^P = — VCj — vC < . 
p p 

By our assumption on K there is some d £ K such that d^ = cj^ . We have that 
vdCrj = and vdC > 0. Hence for x '■= dCrj we obtain: 

xp-{dCY-\ = (dcrivp-v) = (dcr^ = c-'Y^cm. 

iei 

As in Proposition 14. 121 we see that x ^ F. 

In all cases, we find that [E : F] > p and hence, [E : F] ^ p by the fundamental 
inequality. It follows that E\F is a separable extension (generated by a root of an 
Artin-Schreier polynomial) if r = 1 and vci = ^jz^wp for all i £ I, and that it is a 
purely inseparable extension in the remaining cases. □ 

5. Proof of the Generalized Stability Theorem 

We prove Theorem 11.11 by a stepwise reduction to the analysis of Galois ex- 
tensions of degree p of certain valued function fields without transcendence defect, 
followed by an application of the results of Section|4l Since every valued field {K, v) 
of residue characteristic is a defectless field, we will assume that char Kv = p > 0. 
• Reduction to transcendence degree 1. 

Lemma 5.1. To prove Theorem \l.l[ it suffices to prove 

(Rl) Every valued function field of transcendence degree 1 without transcendence 
defect over a defectless ground field is a defectless field. 

Proof. By induction on the transcendence degree of the function field. The case 
of transcendence degree 1 is covered by (Rl). Assume that {F\K,v) is a valued 
function field of transcendence degree > 1 without transcendence defect. Choose 
any subfunction field Fq\K uv F\K such that < trdegi^ol^ < trdegi^liiT. By the 
additivity of transcendence degree and rational rank, both {Fo\K,v) and {F\Fq,v) 
are valued function fields without transcendence defect. Hence if {K^v) is a de- 
fectless field, then by induction hypothesis, (Fo,u) and consequently also (F, w) is 
a defectless field. □ 
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• Reduction to algebraically closed ground fields. 
Lemma 5.2. To prove (Rl), it suffices to prove 

(R2) Every valued function field of transcendence degree 1 without transcendence 
defect over an algebraically closed field is a defectless field. 

Proof Let {F\K, v) satisfy the assumptions of (Rl)- We pick a valuation-transcen- 
dental element teF.By Lemma [2^ {K{t)\K, v) is a valuation regular extension, 
and so is {K{t)\K, v) under every extension of v to K{t). Hence by (R2), {K{t), v) 
is a defectless field. From CoroUarv 12 . 251 we infer that the same holds for {K{t),v). 
Since F\K{t) is finite, it follows from CoroUarv 12.161 that also {F,v) is a defectless 
field. □ 



• Reduction to finite rank. 

Lemma 5.3. To prove (R2), it suffices to prove 

(R3) Every valued function field of transcendence degree 1 without transcendence 
defect over an algebraically closed ground field of finite rank is a defectless field. 

Proof. Let {F\K,v) satisfy the assumptions of (R2). We wish to show that {F,v) 
is a defectless field. As in the preceding proof, we choose a valuation transcendental 
element t, and by CoroUarv 12 . 161 we only have to show that {K{t), v) is a defectless 
field. By Theorem 12. 141 we may as well show that {K{t)^,v) is a defectless field. 

Let (K{ty''{ai, . . . ,an)\K{t)'^,v) be an arbitrary finite extension; we have to 
show that it is defectless. There exists a finitely generated extension ki of the 
prime field of K such that ai , . . . , a„ are already algebraic over ki (t) . We take k 
to be the algebraic closure of ki inside K. Since fci is finitely generated over its 
prime field, the rank of {ki,v) and thus also of its algebraic closure {k,v) must 
be finite by Lemma [2.71 By construction, {k{t)\k,v) is a valued function field of 
transcendence degree 1 without transcendence defect over the algebraically closed 
ground field {k,v) of finite rank. So (R3) together with Theorem 1 2 . 1 41 implies that 
{k{t)'^(ai, . . . ,an)\k(t)'^,v) is a defectless extension. 

Since k is algebraically closed. Lemma [2.201 shows that the extension {K\k,v) 
is valuation regular. By Lemma 12.231 and Corollary 12.211 also the extensions 
{K(t)\k{t),v) and {K{t)^\k{t)^ ,v) are valuation regular. Hence the algebraic ex- 
tension {k{t)^{ai, . . . , an)\k{t)^ ,v) is valuation disjoint from {K{t)'^\k{t)'^ ,v). Now 
we apply Lemma 12.241 to obtain that 

d{K{tt{a^,...,a^)\K{tt,v) < d(fc(i)'^(ai, . . . , a„)|fc(^)^ f ) = 1. 
We have thus proved that {K{t)^,v) is a defectless field. □ 

• Reduction to rank 1. 

Lemma 5.4. To prove (R3), it suffices to prove 

(R4) Every valued function field of rank 1 and of transcendence degree 1 without 
transcendence defect over an algebraically closed ground field is a defectless field. 

Proof. Let (F, v) satisfy the assumptions of (R3). Then (F, v) must also have finite 
rank (cf. (|1.2p and note that the rank of vF cannot exceed the rank of vK plus 
TTvL/vK). Let V = wio. . .own be the decomposition of w into valuations Wi of rank 
1. By Lemma [m every Kwi o . . .owj is an algebraically closed field. By a repeated 
application of Lemma [^?51 {F\K, wi) and all {Fwi o . . .owi\Kwi o . . .owi,Wi+i) are 
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valued function fields without transcendence defect. Hence (R4) yields that every 
{Fwio. . .owi, Wi-i-i) is a defectless field. Now a repeated application of Lenima l2.17l 
shows that (F, v) itself is a defectless field. □ 

To complete our proof, we show that (R4) is true. Let {F\K,v) satisfy the 
conditions of (R4). Then there is a valuation-transcendental element x € F and 
F\K{x) is finite. By CoroUarv 12.161 it suffices to prove (R4) under the additional 
assumption that F\K is rational with a valuation-transcendental generator. In 
view of Theorem 12.141 we can replace {F, v) by its henselization. More generally, 
we will now prove our assertion under the assumption that {F\K, v) is a henselized 
inertially generated function field of rank 1 and transcendence degree 1 with a 
valuation-transcendental generator over the algebraically closed field K. Given an 
arbitrary finite extension {E\F, v), we have to show that it is defectless. 

Since the ramification group is a p-group (cf. [En]), F^°p\F^ is a p-extension. It 
follows from the general theory of p-groups (cf. [H], Chapter III, §7, Satz 7.2 and 
the following remark) via Galois correspondence that the maximal separable subex- 
tension of E.F^\F^ is a finite tower of Galois extensions of degree p. Consequently, 
E.F^lF"^ is a finite tower of normal extensions of degree p, either Galois or purely 
inseparable. Then there is already a finite subextension N\F of F'^\F such that 
E.N\N is such a tower. Lemma 12.271 shows that N, being a finite subextension 
inside F^ , is again a henselized inertially generated function field of transcendence 
degree 1 with a valuation-transcendental generator over K. Also, it is again of 
rank 1. By Proposition 12. 181 we have d{E\F,v) — d{E.N\N,v), hence it suffices to 
prove that E.N\N is defectless. Since this is trivial ii E.N — N, we assume that 
E.N ^ N. Then the first extension in the tower is defectless by CoroUarv 14. 21 or 
Proposition EH This yields d{E\F,v) = d{E.N\N,v) < [E.N : N] < [E : F], that 
is, {E\F,v) cannot be immediate. We have proved: 

Henselized inertially generated function fields of rank 1 and of transcendence degree 
1 with a valuation-transcendental generator over an algebraically closed ground field 
do not admit proper immediate algebraic extensions. 

We use this fact to prove: 

Lemma 5.5. Every henselized function field {F,v) of rank 1 and of transcendence 
degree 1 without transcendence defect over an algebraically closed ground field K 
is a henselized inertially generated function field with a valuation-transcendental 
generator. 

Proof. Case I) Suppose F contains a value-transcendental element x. Since K{x) = 
K is algebraically closed and F\K{x) is finite, we have F — K{x). Further, vF 
is a finite extension of vK{x) — vK © "Lvx. Since vK is divisible, we have that 
vF — vK © Za for some a € vF. Choose x' G F such that vx' = a. Then 
vF = vK (B'Zvx' — vK{x') by Lemma [2?5| and F — K — K{x'). Now the henselian 
field F contains the henselization K{x')'^ , and we have just shown that F\K{x')^ 
is an immediate extension. But the henselized inertially generated function field 
K{x')^ of rank 1 and of transcendence degree 1 with value-transcendental generator 
x' over K does not admit any proper immediate algebraic extension. This yields 
F = K{x'f. 

Case II) Suppose F contains a residue-transcendental element x. Since vK(x) — 
vK is divisible and vF/vK{x) is finite, we have vF — vK{x). Since F\K{x) is finite 
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and K{x) — K{x) is a function field of transcendence degree 1 over K, the same 
fiolds for F. Since K is algebraically closed, there is a separating transcendence ba- 
sis {^} of F\K. We choose x' G F such that x' = ^. The henselian field F contains 
the henselization K{x')^ . Since F\K{£) is a finite separable extension, F — K{£^, rf) 
for some 77 which is separable-algebraic over K{S^). Using Hensel's Lemma, we lift 
r] to an element y' G F such that the finite subextension K{x')^{y')\K{x')'^ of 
F\K{x')^ has the same degree as F\K{^) and such that K{x'Y{y') — F. It follows 
that K{x')^{y')\K{x'Y is unramified and that {K{x'Y{y')\K,v) is a henselized in- 
ertially generated function field. Since vK{x')^{y') = vF, we find that F\K{x')^{y') 
is immediate. But as proved above, the henselized inertially generated function field 
K{x')^{y')^ of rank 1 and of transcendence degree 1 with residue-transcendental 
generator over K does not admit any proper immediate algebraic extension. This 
yielda F = K{x'f{y'). □ 

The proof that E.N\N is defectless now proceeds by induction on the number 
of extensions appearing in the tower. Since we have assumed that E.N ^ N, 
there is a normal subextension E'\N of E.N\N of degree p. By CoroUarv 14.21 
or Proposition 13.11 this extension is defectless. From the preceding lemma we 
infer that E' is again a henselized inertially generated function field of rank 1 and 
transcendence degree 1 with a valuation-transcendental generator over K. Its rank 
is 1 since it is an algebraic extension of N. By induction hypothesis, {E\E' , v) is also 
defectless since it has a smaller degree than E\N. Hence by Lemma r2.13[ {E\N,v) 
is defectless. This completes the proof of the first assertion of Theorem ll.il 

The "inseparably defectless" version of Theorem 1 1.1 1 has already been proved in 
Section [3] (see Proposition 13. ip . So it remains to prove the "separably defectless" 
version. Assume that {K,v) is a separably defectless field, {F\K,v) is a valued 
function field without transcendence defect, and that vK is cofinal in vF. Then 
the completion F'^ of {F, v) contains the completion of {K, v). A valued field is 
separably defectless if and only if its completion is defectless (cf . [K6] ) . Hence, K'^ is 
a defectless field. We consider the subfield F.K"^ C F'^ which is a function field over 
K'^. Since {K'^\K,v) and {F'^\F,v) are immediate extensions and trdeg K'^.F\K'^ < 
tTdegF\K, {K''.F\K'^,v) is again a valued function field without transcendence 
defect. By the "defectless" version of Theorem 11.11 it follows that {K'^.F,v) is a 
defectless field. Hence also its completion {F'^,v) is defectless. By the above cited 
theorem it follows that (i^, v) is defectless. This completes the proof of the first 
assertion of Theorem 11.11 □ 

• Proof of Corollarv ll.2l By Theorem ll.li (K.F, v) is a defectless field for every 
extension of the valuation v. Therefore, {K.F, v) is defectless in K.E. Let vi, . . . ,Vg 
be all extensions of v from K.F to K.E. Then there exists a finite extension Lo\K 
such that: 

1) [Lo.E : Lo.F] = [K.E : K.F], 

2) the restrictions oi vi, . . . ,Vg to Lq.E are all distinct, 

3) {v.Lo.E : ViLo.F) > {v^K.E : v.K.F) and [Lo.Evi : Lq.Fv,] > [K.Evi : K.Fvi] 
for 1 < i < g. (In order to obtain the first inequality, choose representatives of the 
cosets of ViK.E/viK.F and choose Lq so large that they he in ViL^.E . For the 
second inequality, choose a basis of K .Evi\K .Fvi and choose Lq so large that it is 
contained in L^.Evi .) 
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These conditions will remain true whenever Lq is replaced by any algebraic exten- 
sion L of K which contains Lq . Since equality holds in the fundamental inequality 
for the extension K.E of {K.F,v), the same is then true for the extension L.E of 
{L.F,v). 

Now assume in addition that (K, v) is henselian. Then by a result of Pank 
(cf. [K-P-R]) there exists a field complement W to its absolute ramification field 
K^, that is, W\K is linearly disjoint from K^\K (and hence purely wild), and 
K^'.W = K. Since W ^ K = K'\W = W, {W,v) is a defectless field. Therefore, 
we can replace K hy W in the above and choose Lo\K as a subextension of W^|_fi' 
so that it is purely wild. □ 

6. Proof of Corollary 11.41 

The valued function field {K.F\K,v) satisfies the assumptions of Theorem II. 3[ 
so we may choose a standard valuation transcendence basis T of {K.F\K,v) with 
vK.F = vK © 'Lvxi © ... © "Lvxr and yi,...,y^ a separating transcendence basis 
of k.F\K such that [{k.Ff : k{T)^] = [K.F : k{T)]. Pick C G k.F such that 

K.F = K{T)(C,) and take / to be its separable minimal polynomial over K{T)- 
Then there exists a finite extension Lo\K such that: 

1) T^Lq.F, 

2) [^.o.F)'^ : Loirr] - [{k.F)'^ : k{rn _ 

3) Lo{yi, ■ ■ ■ ,ys) contains all coefiicients of /. 

These conditions will remain true whenever Lq is replaced by any algebraic exten- 
sion L oi K which contains Lq ■ For such L, we have that T C L.F remains a 
valuation transcendence basis of {L.F\L{T),v) since L\K is algebraic. This yields 
that L{T) — L{yi, . . . by Lemma [2.51 Now we compute: 

[{L.F)'^ : L{Tf] > [KF-. UT] > [Liy„ . . . ,y„C) : Hy,, . . . - deg/ 

= [k.F : k[r)] = [{k.Ff : k{Tf] = [{L.Ff : L{rf] . 

We see that equality must hold everywhere. In particular, the first equality shows 
that the extension ((L.F)'^|_L(T)'', w) is unramified. □ 
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